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It is shown that in the absence of third order resonances [1] Laplace solutions
retain stability in the second order within the limits of the Routh —Joukowski
necessary conditions of stability, When third order resonances and their inter-
action take place in a system, the question of stability in the second order and
that of Liapunov instability is completely solved by the present investigation
in conjunction with that in [2].

1, We derive the equations of perturbed motion for this problem on the basis of
Liapunov's investigations, taking into account terms of up to the second order of small-
ness in the right-hand sides of these,

Let three mass points M,, M;, and M, be attracted to each other in accordance
with the law

Fi]':fMiMjrijn (15]201172;1"’7&]) (L1
where f isa constant, M; and M; are masses of points, r;; are distances between
these, and n is a real number,

Conforming to Liapunov's method we introduce a moving coordinate system with
origin at point M. The axes of abscissas and ordinates are, respectively, Mo
which runs from the origin M, to point A, and the line Myn normal to the latter,
They lie in the plane of triangle (MM M, {,) and are directed so that each is at an
acute angle to line MM, . The third axis M is normal to the plane of triangle

(MM M,) and directed so that the system M En{ is right-handed.

Liapunov obtained differential equations of motion for the unrestricted three~body
problem using variables ry, ry, P, ®,, @,, and g, where Iy —= 7oy, 'y == Tge, P
is the angle between directions M M, and M M,, and @, @,, and @, are
projections of angular velocity of the moving coordinate system M Enl on axes
MoE, Mgn, and M ,respectively [3]. These equations have particular solutions
when the three points M,, M,, and M, moving in an invariant plane form an equil-
ateral triangle (solution of Laplace {3] or lie on a single straight line,

We shall consider only the constant Laplace solutions when

ij

ri‘—-“p,rz:p,'lp'——’ﬂ/?),ﬂ)l-—‘o,(l)z‘:o,(1)32(!) (1-2)
(po? = f (M, + M, 4+ M) p", p*0 = ¢,)

(constants P and @ are linked by the relations shown in parentheses and ¢; is an
arbitrary constant),
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We set
n=p0+8 rn=p1+8%+2, p=a8+y (1.3)
@y =0 (1-+m)

and assume that the quantities z, ¥, & 1, ©;, and ©, and their derivatives are
small of the same order [3],

In the case of unperturbed motion (1, 2) we evidently have

— )

o T =
w Vy ¥ Yy v

/=0,8=0,m=0,0,=0, 0,=0 (L4)

hence the problem of stability of the particular solution (1, 2) reduces to that of
Liapunov stability of the zero solution (1.4) of differential equations derived from
Liapunov's equations for the unrestricted three-body problem [3] after the substitution
of (1.3).

We effect this substitution by expanding the nonlinear terms of equations in series
in powers of perturbations (1.4). After necessary transformations, omitted here owing
to their unwieldiness, we obtain a system of equations of perturbed motion of the form

dn,/dd = 0 (1.5)
! , ,
b -+ [ —mm— 20, ] ot

P—?(i—n)mg—~2§m}y+ﬁm;¢1~amy1+(I)I_;.,“

%g—:xb %‘Q—’s2y1+(1“n)[(iwu)x~}-u’y]+®z+---
& = %%—:=—‘3&-%‘“(’1—”){9’55—%—2191‘{“@3—}*-
Tr=— O, et Dot
where 5
O, = 2= g (1 —mymy (et + P + Qo mit 280+

2(n~n*+2§+amx+ﬁmy—%”ixﬁr—f-y:)
(D2=iﬂ-«-iﬂ(mo~+mo)(x2+2§x)—[—(1—-n)mz(njggz?—{—PJ——-
U —nymy (P2 2+ P) + 20 + yP + 2+ 2+ Mys +
2op—Yia0, 2oy
@y = (4 —rymy (YREED 22y )+
(1—n)mz<—w 2+Q)+Z(§+:c)x1—~2xm--—

2+ )y — (1 —n) (W -+ p) € 4 x) —
[——~§1+(1~n)m2(";3 x—%y>]+ V3 gp +——9192




Laplace solutions of the unrestricted three-body problem 1195

O, = *-"192-7*—"(91'!"]/392)3114‘
7,?-,- (— V30 + Q) 2r — 204k, D5 = 101 — 2Quts
3n+5 s 3(n——1)§$+ V’én By + V3(n_—j;5)

Py =
04 = 3V3§g-1) - V3(n-1) tr 4 4§ +3n:{:1
Qr==L, Q=22 d=odt
w
M.
: (=0,1,2), p=—s(mytmy)

™ = Mo M, T M,
, 3
p = "Z“(ml—"mz)

o — (M, -+ My) M, B, = V3M M,
™ MMy + MMy + MMy’ ™ MM+ MMy + MM,

where terms of order higher than the second with respect to variables are omitted, ¢
is the time, and 7y is the arbitrary constant of the energy integral which is defined

as follows:

{R—}— n1 £ {4(R+1)mo+("+7)m1]m2 $2+
amgx'*"

n=

3"8';‘1 mImzy + E.»1 4 (mo+ ml) Mo (SC + s 2) +

n—;-3ﬁm§y+ y1+ §1$1+ - gﬂlx—“—gxri‘
n+3

antyr Bmx§1 ﬁmxy m1m2 yz1 + (m0’|'2:"1) ms

(—2- 912 — Vﬁ QIQ2 + % Q'Z ) mé’:ﬁ (V?)QI — Qg) Qz} 4
1
TRZ—*TRY]*—}- ‘o
= 28 + apx + By — ﬁ— zy -+ 2 Y1, V= MoMi~+ MMa—-myms

The characteristic equation of system (1. 5) has one zero and four pairs of pure
imaginary roots [1]

= 4-id (s=1, ..., 4)
SR TYA
?vxzi, :(n+3)’/2’ )\.3,4= [n-z*—a(flil/]. -—'X)]

x=3(353)
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It was shown in [1] that within the limits of necessary conditions of the Routh —
Joukowski stability there are eight third order resonances

A=Ayt Ayy Ay =20k, Ay =24y, A =2}, (1.6)
Ay =2k, hg =2 %4 Ay =24,
and thatfor n = —2 and v = 1/36 interaction of resonances A; = A, =

2%, ocecurs [2].

Stability of resonance curves (1.6) was investigated in [2] in a nonlinear formulation
with allowance only for perturbations for which My == 0.

2. Tt should be noted that in linear approximation system (1. 5) decornposes into
two second order systems (in &, § and Q, Q,), a fourth order system (in z, &y,
Y, Y1)and an equation for N . Hence after transformations
z 2 1 1
E == e —-—(Clm.’L‘ "" ﬁ‘my)v gl = cl - ‘—(amxl + ﬁmyl)
Ao As 2 2

zy = 4+ iy, I = Q) — iy, 2, = § + i, T, = §; — il

Loag L Lagt Ltz
- 3 KQ 4 }'3 3 ?\14 4 3
ag ay” ast ast 24
(@, 7,9, %) = ; i ; ;
-t . . _ z
A3 Ay Ay Ay 8
1 1 1 1 Z4

at = [— (1 —n) = 2MilL;, Lj= (1 — n) (1 — ) + A2
(=34

where 2, Z; (8 =1, ..., 4) are complex conjugate variables, system (1, 5)
assumes the form

Ny =0 (2.1

. a
. N N\ K \' Eoiglo;
2 = iy D) (Agzs + ByEy) + D C* II IR S
i=1

j=1
4 ’ 4
Z) = —ihE, - N 21 (Esizj -+ Bgz;) + Zés* H 2;‘553‘:85 + ...
7=1 =1
(s=1,...,4)

where A, A,;, By, By, Cs*, and €, * are complex conjugate coefficients of
quandratic terms, the asterisk replaces the superscripts (5, . . ., Agy, Ly, + . .,
l,4), and summation is carried out over all nonnegative integral numbers k., . . .
fsa and lg, ..., Iy whose sum is equal two,
Let in system (2.1) Re A, = 0 (s =1, ..., 4). The following theorems
are then valid,
Theorem 1. Letaresonance of the form Ay == 2 Ay be present in system
(2.1). Let us consider the terms C,*z;* and C*z,7; in the right-hand sides of
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respective equations {2,1), If the condition
Re Co*Cp* 0, Im Co*Cp* = (2.2)

is not satisfied, the trivial solution of (2. 1) is Liapunov unstable, If condition (2, 2)
is satisfied, stability is ensured for the system reduced to cubic terms.

Theorem 2. Letthe resonance interaction Ay = Ag = 2 Ay be present
in system (2.1). Let us consider the terms Co*z,2, Cg*z,2, (Cy* — 0) 2,2y, and
(Cy*—B) zgZ in the right-hand sides of respective equations of system (2. 1), and
compose the expression * = Co* (Cy* — a) -+ Cp* (Cy* — p).  Then, if
conditions

Re C* 0, Im C* =0 (2.9)

is not satisfied, the trivial solution of (2, 1) is Liapunov unstable. If condition (2,3)
is satisfied, stability of the system reduced to cubic terms is ensured, provided that
C* 5= 0.

Here (Cy* —> %) is the coefficient Cy* of the equation in 2y of system (2. 1)
for z,Zy.

Proof of these statements is omitted here, because Theorems 1 and 2 are modifica-
tions of theorems in [4 —6] which bring them to the required form, We would only
point out that the presence of the zero root which corresponds to the first of Eq. (2.1)
does not affect the reasoning about Liapunov instability and stability of the reduced
system when Re 4, =0 (s=1, ..., 4).

In the presence of resonance of the form Ay = Aq -+ Ap with condition Re 4,
= 0 (s = 1, ...,4) the problem of stability is determined, as in [5 —7], by coeffici-
ents of the following terms in the right-hand sides of equations of system (2. 1): Co*
ZﬁZy, Cﬁ*Z(xZ‘v, and CY*ZG,ZES-

We begin by analyzing the case in which third order resonances defined by (1, 6)
are absent, Substitutions and transformations omitted here owing to their unweildiness
yield Eqgs. (2, 1) in explicit form. Then, carmying out the polynomial transformation
to new complex conjugate variables wu; andv; (j = 1, ..., 4) (with 2z, and

Z; in the form of second order polynomials of My, &;, ¥; ) [8], we finally obtain

n*' :O (204)

. , n—1 ., . .
Uy = qux—kmmmwr-.-, Uy = ihous +

n—1 .
miuzﬂ* + ..

Ug = ihguty —

n—1

Pt Koty + -
. n—1 .
Uy = 57\14154"}‘ m‘K‘ituin* + e

Ki={(1 —n) (1 —p)[(1 —n)p" + 4A2] — [2(1 — n)2p” + A7) X
Ly + (1 —n)pLPYy ML (M — MHD]TT (j=3,4)

where the omitted terms are of an order not lower than the third with respect to
Ny U5, 05 =1, ..., 4), and differentiation is carried out with respect to
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d0 = wdt. The complex conjugate system and its solutions are omitted here and
below for the sake of brevity.
The system derived from (2.4) by the rejection of terms of order higher than the
second with respect to variables is readily integrable, We have

Ny =€ (2.58)
Uy = ¢y exp {(7»1 -+ c%) icot}

Us = Cy@X]P {(7»2 + cﬁ) iwt}

Ug = C3€xp {(7»3 cK3 _*_;) m)t}

where ¢ isarealand ¢; and &; (j =1, ..., 4) are complex conjugate cons-
tants of integration,

Let us formulate the obtained result,

Theorem 3. Constant Laplace solutions of the three~-body problem retain their
stability in the second order throughout the region of the necessary conditions of the
Routh —Joukowski stability only when there are no resonances (1, 6), and the solution
of system (2. 1) reduced to its cubic terms is determined by second order polynomials
of periodic functions (2. 5).

Let us now consider the case when resonances (1, 6) are present,

Analysis of the structure of quadratic terms of system (2, 1) for resonances Ay =

Ag == A, shows that in this problem they vanish (degenerate resonance), In fact, ex-
pressions for @, and (b, do not contain terms linear with respect to £, and £,
while @, and @, are linear with respect to £2; and Q, .

Resonances A, = 2A,, Ay = 2A3, and A, = 2}, are similarly degenerate,

The calculation of resonance coefficients for the resonance A, = 2A, yields

i\ (A= 4 @hy— Ly)i
o= (- ym)

3 P\ (1—n)p — (hg— L)
Cy* = W<'1+ 'ﬁ) ;»32_&!; *

Taking into consideration that in the case of resonance A, = 2A; we have A, =
1, Ay =2, Ay = n — 3,n>17, weobtain C;*C,* = (1 — n)/[(n — 3)
(n 4 1)] < 0, which shows that condition (2. 2) of Theorem 1 is satisfied,

The test of conditions of Theorem 1 for the remaining two resonances Ay = 2X,,
and Ay = 2A, requires such bulky calculations that they can only be carried out on
a computer, This was done in [2] in the case of M4 = 0. Theorem 1 shows that the
conclusions reached in [2] hold also for 1, = 0.

As indicated above, the interaction of resonances A, = A, = 2\, occurs when

n = —2 and v = 1/36 , with the degenerate resonance %, = 2A, and strong
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resonance A, = 2A; [2] (in the terminology of [9]). In other words condition (2, 3)
of Theorem 2 is violated, which means that the interaction of resonances A; = A, =
2), results in instability.
Let us summarize the results of the above analysis and of that in [2].
Theorem 4, The constant Laplace solutions of the unrestricted three-body
problem are Liapunov unstable, if the index n and the masses of the three bodies satisfy
the relations

msns o e
_3<n<13—8]/3, \,____i_(zi-i.)z

For the remaining values of masses and of index n that satisfy relations (1, 6) the
Laplace solutions retain their stability in the second order,

Note that Theorems 3 and 4 completely resolve the question of stability of Laplace
solutions in the second order,

In the particular case when one of the masses is negligibly small in comparison with
the other two and n == —2, the detected instability confirms the conclusion reach-
ed in [10] about the instability of triangular libration points of the restricted three-body
problem with m, = 0.024294 ... .

The author thanks V, V, Rumiantsev and L. A, Kunitsyn for their interest in this
paper.
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