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It is shown that in the absence of third order resonances [l] Laplace solutions 
retain stability in the second order within the limits of the Routh -Joukowski 
necessary conditions of stability. When third order resonances and their inter- 
action take place in a system, the question of stability in the second order and 
that of Liapunov instability is completely solved by the present investigation 
in conjunction with that in [a]. 

X. We derive the equations of perturbed motion for this problem on the basis of 
Liapunov’s investigations, taking into account terms of up to the second order of small- 
ness in the right-hand sides of these. 

Let three mass points Ma, Ml, and _&I, be attracted to each other in accordance 
with the law 

Fij = fMiMjrijn (i, j = 0, 1, 2; i # 1) ( 1.1) 

where f is a constant, Mi and Mj are masses of points, rij are distances between 
these, and n is a real number. 

Conforming to Liapunov’s method we introduce a moving coordinate system with 
origin at point M, . The axes of abscissas and ordinates are, respectively, MJ 
which runs from the origin Ms to point &I, , and the line ~lrl,q normal to the latter. 

They lie in the plane of triangle (fIf&,M,) and are directed so that each is at an 
acute angle to line M,M, . The third axis &fog is normal to the plane of triangle 

(Mi?iT,M,) and directed so that the system IM,,En 5 is right-handed. 

Liapunov obtained differential equations of motion for the unrestricted three-body 
problem using variables r,, rs, 9, w,, o,, and ws , where rr -_ rol, r2 = ro2,v 
is the angle between directions nll,M, and ~~~~s, and ur., us, and us are 
projections of angular velocity of the moving coordinate system M,,$q 5 on axes 

-El&, nfsrl, and M,f;, respectively [3]. These equations have particular solutions 

when the three points M,, JI’,, and M, moving in an invariant plane form an equil- 

ateral triangle (solution of Laplace [3y or lie on a single straight line, 
We shall consider only the constant Laplace solutions when 

rl = p, r2 = p, 9 = 1x13, 0, = 0, 0% = 0, a3 = w 

(pw2 = f CM, -I- M, + MJ P, p2” = c,) 

(1.2) 

(constants p and W are linked by the relations shown in parentheses and C* is an 
arbitrary constant). 
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We set 

and assume that the quantities 2, y, E,, q, aI, and 0s and their derivatives are 
small of the same order [S]. 

In the case of unperturbed motion (I. 2) we evidently have 

5 = 0, y = 0, E = 0, Q = 0, 01 = 0, 0s = 0 (I.41 

hence the problem of stability of the particular solution (1.2) reduces to that of 
Liapunov stability of the zero solution (1.4) of differential equations derived from 

Liapunov’s equations for the unrestricted three-body problem 131 after the substitution 
of (1.3). 

We effect this substitution by expanding the nonlinear terms of equations in series 

in powers of perturbations (I.. 4). After necessary transformations, omitted here owing 
to their unwieldiness, we obtain a system of equations of perturbed motion of the form 

d% -= 
d0 

- cl2 + 03 -+ . . . , 
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mi = Mi 

Mo+Ml+Mz 
(i=O,1,2), p=+(mr+m2) 

p’= q{ml-m2) 

a, = 
@MO + MI) M, 

9 hn= 
T3Wf2 

MOMI + M&f2 + MlM2 MdM, + M&2 + MlM2 

where terms of order higher than the second with respect to variables are omitted, t 
is the time, and q* is the arbitrary constant of the energy integral which is defined 
as follows: 

The characteristic equation of system (1.5) has one zero and four pairs of pure 
imaginary roots [l] 

% =$-ih,(s=1, . ...4) 

?q = 1, h2 = (n _t 3)‘$ hs, 4 = 
[ 

* (I-& yT=q”’ 

p=3(~p 
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It was shown in Cl] that within the limits of necessary conditions of the Routh - 
Joukowski stability there are eight third order resonances 

A, = h, & ?“a, h, = 2 il,, x, = 2 h,, h, - 2 h, (1.6) 

hd = 2 h,, Iv, = 2 h,, h, = 2 ?Q 

and that for n = - 2 and v = 1136 interaction of resonances & = h, = 

2 x* occurs [Z-j. 
Stability of resonance curves (1.6) was investigated in [Z] in a nonlinear formulation 

with allowance only for perturbations for which q* = 0. 

2. It should be noted that in linear approximation system (1.5) decomposes into 
two second order systems (in 5, g1 and a,, fz,), a fourth order system (in 5, x1, 

Y, Yi)and an equation for q* . Hence after transformations 

E! = + i 2 - + (%nJ: + f&d>, E1 = 51 - f (%Jl+ BmYd 

z1 = 51, + iQz, Z1 = 52, - i52,, zz = 5, + is, Z2 = c1 - ic 

a3- as+ aA+ 
I/ 

aj’ = I- (1 - TZ) & 2 ?bjiT/Lj, Lj = (1 - ?Z) (1 - p) 

(j = 3, 4) 

where zL;;, z, (S = 1, . . . , 4) are complex conjugate variables, 
assumes the form 

+ hja 

system (1.5) 

(2.1) 

where A,j, --fsj, &j, Bsj, es*, and c,* are complex conjugate coefficients of 

quandratic terms, the asterisk replaces the superscripts (&I, . . . , ksl, 2 ,I, . . . , 
is*), and summation is carried out over all nonnegative integral numbers &, . . . , 
free and lsst . . , , is4 whose sum is equal two. 

Let insystem(2.1) Re A,, = 0 (s = 1, . . . , 4). The following theorems 
are then valid. 

T h e o r e m 1. Let a resonance of the form & == 2 h, be present in system 
(2.1). Let us consider the terms C,*s$ and c~~*‘cr~~: in the right-hand sides of 
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respective equations (2.1). If the condition 

Re C,*Cp* < 0, Im Ca*Cf3* = 0 (2.2) 

is not satisfied, the trivial solution of (2.1) is Liapunov unstable. If condition (2.2) 

is satisfied, stability is ensured for the system reduced to cubic terms. 

T h e o r e m 2. Let the resonance interaction h, = &a = 2 hv be present 

in system (2.1). Let us consider the terms Cc,*zYa, Cp*zYa, (C,* -F a) zJY, and 

(C,*-+ p) z$ in the right-hand sides of respective equations of system (2. l), and 

compose the expression C* = C,* (Cv* 9 a) + Ca* (Cv* 3 fi). Then, if 

conditions 
ReC*<O, ImC* =0 (2.3) 

is not satisfied, the trivial solution of (2.1) is Liapunov unstable. If condition (2.3) 
is satisfied, stability of the system reduced to cubic terms is ensured, provided that 
C” # 0. 

Here (C,* 4 x) is the coefficient Cy* of the equation in zy of system (2.1) 
for z,Z,. 

Proof of these statements is omitted here, because Theorems 1 and 2 are modifica- 
tions of theorems in [4 -61 which bring them to the required form. We would only 

point out that the presence of the zero root which corresponds to the first of Eq. (2.1) 
does not affect the reasoning about Liapunov instabi~ty and stability of the reduced 

systemwhen ReA,, = 0 (s= 1, . . . , 4). 
In the presence of resonance of the form h, = 31, + hb with condition Re A,, 

=O(.s=1 , . . . ,4) the problem of stability is determined, as in [5 -71, by coeffici- 
ents of the following terms in the right-hand sides of equations of system (2.1): C,* 
PpzY, CB*Z&, and Cy*zcrzg. 

We begin by analyzing the case in which third order resonances defined by (1.6) 
are absent. Substitutions and transformations omitted here owing to their unweildiness 
yield Eqs. (2.1) in explicit form. Then, carrying out the polynomial transformation 

to new complex conjugate variables uj and Uj (i = 1, . . . , 4) (with z, and 

Z, in the form of second order polynomials of q*, rLj, Uj ) [S], we finally obtain 

r* - -0 (2.4) 
n-l 

Ur’ = ih& + r I1 + 3 iUlrl* + ’ * * I u2’ = ihauz + 

n--i 

vtas-3 
iu,q, -t_ . . . 

. 
u3 = ih3u3 - $Q$-K3iu3q*+..., 

up' = ih4uq + s K&c,ol, + . . . 

Kj = ((1 - n) (1 - p) [ (1 - 72)” $a + 4h,2] - [2 (1 - ny fda + kj2] x 

Lj + (2 - n) Q~j3) [hjLj (h32 - h*2)J-” (i = 3,4) 

where the omitted terms are of an order not lower than the third with respect to 

.V*t ujt vi 0 = 1, . . * , 4), and differentiation is carried out with respect to 
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a0 = wdt. The complex conjugate system and its solutions are omitted here and 
below for the sake of brevity. 

The system derived from (2.4) by the rejection of terms of order higher than the 
second with respect to variables is readily integrable. We have 

(2.5) 

where c is a real and cj and Zj (i = 1, . . . , 4) are complex conjugate cons- 
tants of integration. 

Let us formulate the obtained result. 
Theorem 3. Constant Laplace solutions of the three-body problem retain their 

stability in the second order throughout the region of the necessary conditions of the 

Routh -Joukowski stability only when there are no resonances (1.6). and the solution 
of system (2.1) reduced to its cubic terms is determined by second order polynomials 
of periodic functions (2.5). 

Let us now consider the case when resonances (1.6) are present. 
Analysis of the structure of quadratic terms of system (2.1) for resonances hi = 

As + h, shows that in this problem they vanish (degenerate resonance). In fact, ex- 

pressions for @s and 0, do not contain terms linear with respect to B, and Qs, 

while @‘o and as are linear with respect to Q2, and 8, . 
Resonances h, = 2h,, h, = 2ils, and h, = 2h, are similarly degenerate. 
The calculation of resonance coefficients for the resonance h, = 2h, yields 

Taking into consideration that in the case of resonance h, = 2hr we have ?Q = 

1, h, = 2, h, = n - 3, n > 17, we obtain C,*C,* = (1 - n)l[(n - 3) 

(n + I)] < 0, which shows that condition (2.2) of Theorem 1 is satisfied. 
The test of conditions of Theorem 1 for the remaining two resonances hs = 2&, 

and ha = 2h, requires such bulky calculations that they can only be carried out on 
a computer. This was done in [2] in the case of q* = 0. Theorem 1 shows that the 

conclusions reached in [2] hold also for q+ # 0. 
As indicated above, the interaction of resonances h, = h, = 2h, occurs when 

n = -2 and v = II36 , with the degenerate resonance h, = 2h, and strong 
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resonance hs = 2h, [2] (in the t~m~ology of [SD. In other words condition (2.3) 
of Theorem 2 is violated, which means that the interaction of resonances h, = ha = 

2&, results in instability. 

Let us summarize the results of the above analysis and of that in [2]. 
T h e o r e m 4. The constant Laplace solutions of the unrestricted three-body 

problem are Liapunov unstable, if the index n and the masses of the three bodies satisfy 
the relations 

For the remaining values of masses and of index n that satisfy relations (1.6) the 
Laplace solutions retain their stability in the second order. 

Note that Theorems 3 and 4 completely resolve the question of stability of Laplace 
solutions in the second order. 

In the particular case when one of the masses is negligibly small in comparison with 
the other two and n = -2,, the detected instability confirms the conclusion reach- 

ed in [I.01 about the instability of triangular libration points of the restricted three-body 

problem with m, = 0.024294 . . . . 

The author thanks V. V. Rnmiantsev and L. A. Kunitsyn for their interest in this 

paper. 
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